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Abstract. A new triangular form of the residual temperature distribution P (T ), entering the prompt
emission models in which the sequential emission is globally taken into account (e.g., the Los Alamos
model of Madland and Nix with subsequent improvements and the Point-by-Point model), is proposed. A
deterministic treatment of the successive emission of prompt neutrons, which is based on recursive equations
of the residual temperatures, was developed. This modeling was validated by the good description of many
and different experimental data of prompt emission (e.g., ν(A), 〈ν〉(TKE), 〈ε〉(A), 〈ε〉(TKE), Eγ(A), etc.)
and the good agreement with the results of other prompt emission models. To see a possible systematic
behaviour of P (T ) as a function of energy and fissioning nucleus, the deterministic treatment of sequential
emission was applied to 11 nuclei undergoing fission (spontaneously or induced by thermal and fast neutrons
with energies up to the threshold of the second chance fission) for which reliable experimental fission
fragment distributions Y (A, TKE) exist. The shapes of all P (T ) distributions for the light and heavy
fragment groups and for all fragments resulting from this modeling can be approximated with a triangular
form. To make possible the use of this form into the prompt emission models with a global treatment of
sequential emission, a connection between the average residual temperature 〈Tr〉 and the temperature of
initial fragments 〈Ti〉 is needed. An important finding of this study concerns the ratio 〈Tr〉/〈Ti〉, which is
≈ 0.6 for all studied fissioning systems. This result allows to obtain a new triangular form of P (T ) defined
only as a function of initial temperature, which is applicable to any fissioning system at any energy, in the
frame of prompt emission models with a global treatment of sequential emission.

1 Introduction

The main objective of the study described in this paper
was to determine a new triangular form of the residual
temperature distribution P (T ) which is used in the Los
Alamos (LA) model [1–3] and the prompt emission model
Point-by-Point (PbP) ([3,4], and references therein).

In these models the sequential emission is globally
taken into account by the residual temperature distri-
bution P (T ). I.e., the prompt neutron spectrum in the
center-of-mass frame corresponding to an initial fragment
is given by the integral of an evaporation spectrum at a
given residual temperature ϕ(ε, T ) over the P (T ) distri-
bution. The residual temperature distribution, which was
used in both the LA and PbP models, has a triangular
form with a sharp high temperature cut-off and its first
order momentum is expressed as a function of initial frag-
ment temperature by 〈T 〉 = (2/3)Ti [1].
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In this study the residual temperature distribution is
obtained in the frame of a deterministic treatment of the
successive emission of prompt neutrons, which is based on
the recursive equations of residual temperatures. Differ-
ent approaches concerning the compound nucleus cross-
section of the inverse process of successive neutron evap-
oration and the level density parameters of initial and
residual fragments are analyzed in order to solve these
successive residual temperature equations.

In this modeling of sequential emission the fragmenta-
tion range is deterministically constructed as in the PbP
treatment. For each initial fragment {A,Z} at a given
total kinetic energy (TKE) covering the fragmentation
range, an equation of residual temperature is solved for
each sequence of successive neutron emission. Then differ-
ent quantities characterizing the residual nucleus and the
prompt emission are obtained for each emission sequence
indexed k, where k is running over the number of prompt
neutrons emitted successively (or the number of residual
fragments) corresponding to an initial fragment at a given
TKE.
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Using the multiple distributions of initial fragments
Y (A,Z,TKE), different distributions can be obtained.
These could be distributions of the residual temperature
and the residual energy and of the average neutron energy
in the center-of-mass frame, corresponding to the emission
of each neutron as well as the sum of these distributions
following the emission of all neutrons from the light and
heavy fragment groups and from all fragments.

Different quantities generically labeled q(A,Z,TKE)
corresponding to an initial fragment at a TKE value
(e.g., the prompt neutron multiplicity ν(A,Z,TKE),
the average center-of-mass energy of prompt neutrons
〈ε〉(A,Z,TKE), the prompt neutron spectrum in the
center-of-mass frame ϕ(ε,A, Z,TKE), the average prompt
γ-ray energy of all γ-rays Eγ(A,Z,TKE), etc.) can be ob-
tained by averaging the respective quantities correspond-
ing to each sequence, qk(A,Z,TKE), over the number of
sequences (i.e., the number of emitted neutrons).

In order to see a possible systematic behaviour of the
residual temperature distribution as a function of energy
and fissioning nucleus, the deterministic treatment of se-
quential emission based on the successive equations of
residual temperature was applied to 11 fissioning nuclei
for which reliable experimental fission fragment distri-
butions exist. The nuclei investigated were: 235U(nth, f),
252Cf(SF), 239Pu(nth, f) with Y (A,TKE) distributions
measured at JRC-Geel [5–7], 236,238,240,242,244Pu(SF) for
which the Y (A,TKE) data of Demattè [8] were used,
237Np(n, f), 238U(n, f) and 234U(n, f) for which Y (A,TKE)
distributions were measured at incident neutron energies
(En) up to about 5MeV at JRC-Geel, too [9–11].

The good agreement of different prompt emission
quantities obtained from this sequential emission treat-
ment (e.g., ν(A), 〈ν〉(TKE), 〈ε〉(A), 〈ε〉(TKE), Eγ(A),
P (ν), etc.) with the experimental data and the results
of other prompt emission models (e.g., PbP, FIFRELIN,
etc.) validates this deterministic modeling of successive
emission of prompt neutrons.

The shapes of residual temperature distributions for
the light and heavy fragment groups and for all fragments
resulting from this modeling can be approximated with a
triangular form with a moderately broad cut-off at high
temperatures. In order to make possible the use of this
form into prompt emission models with a global treatment
of sequential emission, a connection between the average
residual temperature and the temperature of initial frag-
ments (before the emission of prompt neutrons) is needed.

A very interesting finding of this study concerns the
ratio of the average residual temperature to the initial
temperature, which is ≈ 0.6 for all studied fissioning sys-
tems (including the nuclei fissioning at different incident
neutron energies ranging up to about 5MeV). This result,
i.e. 〈T 〉 = 0.6〈Ti〉, together with the replacement of the
moderately broad high temperature cut-off of the trian-
gular P (T ) form by a sharp cut-off, allows to obtain a
new triangular form of P (T ) which can be applied to any
fissioning nucleus at any energy.

The present paper is organized in the following sec-
tions: the present introduction, a second section devoted

to the successive equations of residual temperature on
which the sequential emission treatment is based, to-
gether with approximations regarding the compound nu-
cleus cross-section of the inverse process and the level den-
sity parameter of initial and residual fragments which are
used to solve these equations. A third section contains the
distributions of different quantities (e.g., residual temper-
ature, residual energy and average center-of mass energy
of prompt neutrons) following the successive emission of
each neutron. Section 4 contains the validation of sequen-
tial emission calculations by comparison with the exper-
imental data and the results of other prompt emission
models. Section 5 includes the residual temperature dis-
tributions obtained from the present sequential emission
treatment and the new triangular form resulting from this
study. Results of the PbP model, in which the new P (T )
form is included, are exemplified in sect. 6. The last sec-
tion summarizes the conclusions of this study.

2 Equation of residual temperature following
the successive emission of each prompt
neutron

For a given fissioning nucleus the initial fragmentation
range is constructed as in the PbP treatment (ref. [4] and
references therein), i.e. the mass number A of initial frag-
ments (before to emit prompt neutrons) covers a large
range, from symmetric fission up to a very asymmetric
split, with a step of one mass unit. For each A three charge
numbers Z are taken as the nearest integer values above
and below the most probable charge which is taken as
the unchanged charge distribution (UCD) corrected with
the charge polarization: Zp(A) = ZUCD(A) + ∆Z(A).
For a part of the fissioning nuclei studied in this work
(i.e., 235U(nth, f), 252Cf(SF), 239Pu(nth, f)) the charge po-
larization ∆Z(A) and the root-mean-square rms(A) of
the Gaussian isobaric charge distribution, centered on
Zp(A), are given by the Zp model of Wahl [12]. For the
other fissioning nuclei (236–244Pu(SF), 234,238U(n, f) and
237Np(n,f)) constant values of ∆Z and rms are taken for
all fragments, i.e. the mean values ∆Z = |0.5| (with plus
sign for light fragments and minus sign for heavy frag-
ments) and rms = 0.6. For each fragmentation a large
TKE range is taken (e.g., from 100 to 200MeV) with a
step size of 5MeV.

For each initial fragment A, Z at each TKE value the
successive emission of prompt neutrons is taken into ac-
count as follows.

If a first prompt neutron (k = 1) can be emitted from
an initial fragment {Z,A} at a given TKE value then the
excitation energy of the first residual nucleus {Z,A − 1}
can be expressed as Er

(1)
= E∗ −S

(0)
n −〈ε〉1, where E∗ is

the excitation energy of the initial fragment resulting from
the partition of the total excitation energy of fully acceler-
ated complementary fragments (TXE) based on modeling

at scission [4,13,14], S
(0)
n is the neutron separation energy

from the initial fragment and 〈ε〉1 is the average center-of-
mass energy of the first emitted neutron. Considering the
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level densities of fragments (initial and residuals) in the

Fermi gas regime (i.e., E = aT
2

where a is the level den-
sity parameter and T the nuclear temperature), an equa-
tion for the nuclear temperature of the first residual nu-

cleus can be written as E∗−S
(0)
n −〈ε〉1 = a1T

2
1 . If a second

neutron (k = 2) can be emitted (by evaporation from the

first residual nucleus) then Er
(1)−S

(1)
n −〈ε〉2 = a2T

2
2 , and

the successive neutron emission continues up to a num-
ber of kmax prompt neutrons, which is limited by the last
residual nucleus {Z,A − kmax} with an excitation energy
less than its neutron separation energy.

Consequently the temperature of the k-th residual nu-
cleus {Z,A−k} following the emission of the k-th prompt
neutron is the solution of the following equation:

Er
(k−1) − S(k−1)

n − 〈ε〉k = akT 2
k , (1)

in which Er
(k−1)

and S
(k−1)
n are the average excitation en-

ergy and the neutron separation energy of the precursor,
〈ε〉k is the average center-of-mass energy of the k-th emit-
ted neutron, ak and Tk are the level density parameter
and the nuclear temperature of the k-th residual nucleus.

To solve these successive equations of residual temper-
atures the following aspects must be taken into account:

– the average prompt neutron energy in the center-of-
mass frame 〈ε〉k expressed as a function of the residual
temperature Tk and

– non energy dependent level density parameters of ini-
tial and residual fragments.

2.1 Average prompt neutron energy in the
center-of-mass frame as a function of residual
temperature

The center-of-mass energy spectrum of emitted prompt
neutrons is given by the statistical model, i.e. ϕ(ε) =
const εσc(ε)ρ(E∗ − Sn − ε) in which σc(ε) is the com-
pound nucleus cross-section of the inverse process of neu-
tron evaporation from fragments (i.e., formation of a com-
pound nucleus by an incident neutron of energy ε) and ρ is
the nuclear level density. Note that the statistical model is
more justified in the application to fission fragments than
to most other nuclear reactions when a direct interaction
of an incident particle is involved.

Considering the fragments as a degenerate Fermi gas
(with the entropy S = ln ρ), the level density can be ex-

pressed as ρ(E∗ − Sn − ε) ∼= const exp(−ε/
√

〈Er〉/a) if
|〈ε〉 − ε| ≪ 〈Er〉. This leads to the center-of-mass energy
distribution of prompt neutrons usually expressed by the
well-known Weisskopf evaporation spectrum

ϕ(ε, T ) = K(T )εσc(ε) exp(−ε/T ),

K(T ) =

(
∫

∞

0

εσc(ε) exp(−ε/T )dε

)

−1

, (2)

in which T is the nuclear temperature of the residual nu-
cleus and K(T ) is the normalization constant. The first

order momentum of this spectrum is calculated as

〈ε〉(T ) = K(T )

∫

∞

0

ε2σc(ε) exp(−ε/T )dε. (3)

In many modelings of prompt emission based on the
Weisskopf evaporation spectrum (e.g., PbP, FIFRELIN
and others) the compound nucleus cross-section of the in-
verse process σc(ε) is provided by optical model calcula-
tions with optical potential parameterizations appropriate
for nuclei appearing as fission fragments (e.g., Becchetti-
Greenlees, Koning-Delaroche, etc. taken from RIPL3 [15]).
In this case 〈ε〉 is obtained by the numerical integration
of eq. (3). The use of such a numerical σc(ε) from optical
model calculations complicates very much the computa-
tional solution of the residual temperature equations (1).

The simplest approximation is to consider a near con-
stant σc(ε). In this case the spectrum of eq. (2) be-
comes ϕ(ε, T ) = 1

T 2 ε exp(−ε/T ) and the average energy
is 〈ε〉(T ) = 2T . The successive equations of residual tem-
perature (1) become

Er
(k−1) − S(k−1)

n − 2Tk = akT 2
k , (4)

with the following simple analytical solutions for the resid-
ual temperature:

Tk =
1

ak

(

√

1 +
(

Er
(k−1) − S

(k−1)
n

)

− 1

)

. (5)

Another approximation is to consider an analytical ex-
pression of σc(ε) obtained by considering σc(ε) as a sum
of a constant term σ0 and an s-wave term σs(ε) which
depends on 1/

√
ε according to ref. [16]. I.e., σ0 = πR2

with R = r0A
1/3 (in which r0 is the reduced radius) and

σs(ε) = (π/k2)T0 = S0(πh̄)2/m
√

ε (where k =
√

2mε/h̄
is the wave number and T0 = 2π

√
εS0 the transmission

coefficient of the s-wave neutron). S0 is the s-wave neu-
tron strength function of a fission fragment with the mass
number A and m is the neutron mass. Consequently σc(ε)
can be expressed as

σc(ε) = σ0

(

1 +
α√
ε

)

, (6)

with α = (h̄2/mr2
0)S0/A

2/3 depending on the mass num-
ber and the s-wave neutron strength function of each resid-
ual nucleus. With σc(ε) given by eq. (6) the prompt neu-
tron spectrum in the center-of-mass frame of eq. (2) and
the average prompt neutron energy of eq. (3) become

ϕ(ε, T ) =
ε + α

√
ε

T 3/2(
√

T + α
√

π/2)
exp(−ε/T ), (7)

〈ε〉(T ) =
T (2

√
T + (3

√
π/4)α)√

T + (
√

π/2)α
. (8)

The σc(ε) approximation of eq. (6) leads to the following
transcendent equations of residual temperatures:

Er
(k−1) −S(k−1)

n − Tk(2
√

Tk + (3
√

π/4)αk)√
Tk + (

√
π/2)αk

= akT 2
k , (9)

which can be numerically solved.
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Fig. 1. Deviations of 〈ε〉(T ) based on the analytical σc(ε)
expression of eq. (6) from 〈ε〉(T ) based on numerical σc(ε)
provided by optical model calculations (with the Becchetti-
Greenlees parameterization) exemplified for ten fragmenta-
tions of 235U(n, f) (the light fragments in the upper part and
the complementary heavy fragments in the lower part).

In order to see if 〈ε〉(T ) of eq. (8) based on σc(ε) of
eq. (6) can approximate the average prompt neutron ener-
gies of eq. (3) based on numerical σc(ε) provided by optical
model calculation, the following study was made.

Calculations of 〈ε〉(T ) according to eq. (8) were done
for nuclei with mass numbers covering the usual A-range
of fission fragments (e.g., from 76 to 160) at tempera-
ture values ranging from 0.01MeV to 2MeV (with a step
size of 0.001MeV). For each mass number the calcula-
tions were done for average s-wave strength functions 〈S0〉
with values ranging from 0.7× 10−4 to 1.1× 10−4 (with a
step size of 0.1× 10−4) and the reduced radius was taken
r0 = 1.2 fm. The resulting 〈ε〉(T ) were compared with the
ones obtained by numerical integration of eq. (3) at T
values also ranging from 0.01MeV to 2MeV (with a step
size of 0.001MeV). The numerical σc(ε) were provided by
optical model calculations with the parameterization of
Becchetti-Greenlees [15] for nuclei with A ranging from
76 to 160 and the charge number Z taken as the near-
est integer of the most probable charge associated to the
fissioning nucleus 236U.

The deviations of 〈ε〉(T ) given by eq. (8) from 〈ε〉(T )
based on σc(ε) provided by optical model calculations,
obtained as

deviation(T ) =
|〈ε〉(T )optBG − 〈ε〉(T )analyt.|

〈ε〉(T )optBG
, (10)

are illustrated in fig. 1 for ten fragment pairs covering the
fragmentation range of 235U(n, f), the light fragments in
the upper part and the complementary heavy fragments
in the lower part. The s-wave strength function values of
each nucleus (indicated as ZA = 1000Z + A) are given in
the figure legend, too.
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Fig. 2. Level density parameters of initial fragments of
235U(nth, f) (upper part) and 252Cf(SF) (lower part) provided
by the super-fluid model (black stars), the Egidy-Bucurescu
systematic for the BSFG model (red circles) and the Gilbert-
Cameron systematic (blue squares).

As it can be seen for T values ranging from 0.2MeV
to 2MeV (which are typical values of the temperatures of
residual nuclei following the sequential emission of prompt
neutrons) the deviations are below 4%. This verification
supports the use of the σc(ε) approximation of eq. (6) in
the successive equations of residual temperatures.

The use of a constant σc leads to deviations from 〈ε〉
based on σc(ε) provided by optical model calculations
which vary by about 13–14% at low T values (of about
0.2MeV) up to about 7–8% at high T values (near 2MeV).

Note, in the sequential emission calculations of this
work, s-wave neutron strength functions as a function of
A based on the 〈S0〉 data from RIPL3 [17] were used.

2.2 Non energy-dependent level density parameters of
fragments

In many models of prompt emission the level density pa-
rameter of the fragments is energy-dependent, being calcu-
lated in the frame of the super-fluid model of Ignatiuk [18]
with different prescriptions concerning the shell correc-
tions (δW ) and the parameterizations of the damping of
shell effects (γ) and the asymptotic level density parame-
ter (ã).

The non energy-dependent level density parameters
provided by two systematics, i.e. of Gilbert and Cameron
(GC) [19] and of von Egidy and Bucurescu (EB-2009) for
the back-shift Fermi gas (BSFG) model [20], were com-
pared with the energy-dependent level density parameters
of the super-fluid model with shell corrections of Möller
and Nix [21] and the γ and ã parameterizations of Ig-
natiuk [18]. In fig. 2 this comparison is done for the level
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density parameters of initial fragments as a function of
A, for the fissioning nuclei 235U(nth, f) (upper part) and
252Cf(SF) (lower part). The level density parameters of
the super-fluid model are plotted with black stars, those of
the Gilbert-Cameron systematic with blue squares and of
the Egidy-Bucurescu systematic for the BSFG model with
red circles. As it can be seen the non energy-dependent
level density parameters of the Egidy-Bucurescu system-
atic for the BSFG model are close to the ones of the
super-fluid model over the entire fragment range, except
for heavy fragments with A around 130 (for which large
negative shell corrections exist due to the magic shells
N = 82 and Z = 50). The level density parameters of the
GC systematic are significantly higher than the ones of
the super-fluid model and the EB-2009 systematic for the
BSFG model.

The residual energies entering the successive transcen-
dent equations of residual temperature are distributed
over a range going up to about 20–30MeV. The super-
fluid level density parameters as a function of energy, cal-
culated in this energy range for many nuclei appearing as
residual fragments, were compared with the non energy-
dependent level density parameters given by the EB-2009
systematic for the BSFG model.

For a large number of residual nuclei with A outside
the range 125–135 the differences between the level density
parameters of the super-fluid model [18] and the constant
values of the EB-2009 systematic for BSFG [20] are of
about 5–6%.

In the case of nuclei with A around 130, especially at
lower energies (below 5MeV) the super-fluid level density
parameters are with 30–40% lower than those of BSFG.
At higher energies the differences become less than 10%,
in the majority of cases being less than 5%.

Consequently for initial and residual fragments with
A outside the range 125–135 the non energy-dependent
level density parameters of the EB-2009 systematic for the
BSFG model can approximate well the energy-dependent
level density parameters of the super-fluid model. In the
case of nuclei with A in the range 125–135 the level den-
sity parameters provided by the super-fluid model at low
energies are significantly lower than the constant values
of the EB-2009 systematic for the BSFG model. This fact
affects the average center-of-mass energy of prompt neu-
trons 〈ε〉 of residual nuclei with low excitation energies
(less than 5MeV) for which 〈ε〉 is very low. For this rea-
son, the sequential emission results of 〈ε〉 as a function of A
(given with blue symbols in the upper part of fig. 16) over-
estimate the experimental data and the results of other
prompt emission models at A around 130.

Taking into account that

i) the recursive equations of residual tempera-
ture (1), (4), (9) can be solved only when the
level density parameters are non energy-dependent
and

ii) for a great part of initial and residual fragments (ex-
cept the ones with A in the range 125–135 at low ex-
citation energies) the level density parameters of the

EB-2009 systematic for the BSFG model can approx-
imate the energy-dependent level density parameters
of the super-fluid model,

the level density parameters provided by the EB-2009 sys-
tematic for the BSFG model are used, together with σc(ε)
expressed by eq. (6), in the sequential emission calcula-
tions of all fissioning nuclei studied in this work. Calcula-
tions with other prescriptions, i.e. a constant σc and level
density parameters given by the Gilbert-Cameron system-
atic for spherical nuclei, are also performed for a part of
fissioning nuclei, in order to investigate possible differences
in different distributions and prompt emission quantities.

The solution of the successive equations of resid-
ual temperature provides detailed quantities character-
izing the residual fragments and the sequential neu-
tron emission associated to each initial fragment at
each TKE, appearing with the probability expressed by
the fragment distribution Y (A,Z,TKE). These quan-
tities are the residual temperature and residual en-
ergy following the successive emission of each neutron

Tk(A,Z,TKE), Er
(k)(A,Z,TKE), the average center-of-

mass energy and spectrum of each neutron emitted se-
quentially 〈ε〉k(A,Z,TKE) and ϕk(ε,A, Z,TKE) with
k going from 1 to the number of emission sequences
kmax(A,Z,TKE) (i.e., the number of emitted prompt neu-
trons from an initial fragment {Z,A} at a given TKE
value). For simplicity these quantities are generically la-
beled as qk(A,Z,TKE). Note that the neutron separation

energy Sn
(k) and the level density parameter ak entering

the successive equations of residual temperature (given by
eq. (1), or (4), or (9)) are referring to the nuclei {Z,A−k}
(with k = 0 denoting the initial fragment).

The multiple Y (A,Z,TKE) distributions are taken
as a product of an isobaric charge distribution p(Z,A)
(which is a Gaussian centered on the most probable charge
Zp(A)) and an experimental Y (A,TKE) distribution (as
mentioned in refs. [3,4] and references therein).

3 Distributions of different quantities
following the successive emission of each
neutron

The distributions of different quantities following the suc-
cessive emission of each neutron (indexed k) are exempli-
fied in figs. 3 and 4 as follows.

In fig. 3 the residual temperature distributions follow-
ing the emission of the first (red), second (blue), third
(green), 4th (wine), 5th neutron (dark yellow), etc. from
light fragments (left part) and heavy fragments (right
part) are plotted as histograms for 235U(nth, f) (upper
part) and 252Cf(SF) (lower part). The average values 〈Tk〉
of these distributions are also given in each frame. It can
be seen that the residual temperature distributions follow-
ing the successive emission of the first, second and third
neutron exhibit almost triangular shapes with a moder-
ately broad cut-off at high temperatures.
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and 252Cf(SF) (lower part) in comparison with the results of
Terrell (blue lines).

The residual energy distributions following the succes-
sive emission of the first, second, third, 4th, 5th neutron,
etc. from the light and heavy fragments of 235U(nth, f)
and 252Cf(SF) are plotted as histograms in fig. 4 using

the same colors as in fig. 3. The average values 〈Er
(k)〉 of

these distributions are given in each frame, too.

The sum of residual energy distributions following the
emission of each neutron from all fragments is plotted with
a black line in fig. 5, for 235U(nth, f) in the upper part and
252Cf(SF) in the lower part. As it can be seen the present
results are in good agreement with the residual energy
distributions of Terrell [22] (blue lines).

Note, in ref. [22] the residual energy distributions
for 235U(nth, f) and 252Cf(SF) were obtained from the
distributions of initial excitation energies taken as Gaus-
sian functions with average values and root-mean-squares
depending on the average number of prompt neutrons
and an excitation energy per nucleon of about 6.7MeV.
These distributions are plotted with blue lines in fig. 6.
The present distributions of the excitation energy of
initial fragments, which are obtained from the TXE
partition based on modeling at scission (described in
refs. [3,4] and references therein) are also plotted in fig. 6
as histograms with black lines. The agreement of the
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Fig. 6. Initial excitation energy distributions of 235U(nth, f)
(upper part) and 252Cf(SF) (lower part) from the TXE par-
tition based on modeling at scission (histograms plotted with
black lines) and the results of Terrell (blue lines).

present initial excitation energy distributions based on
modeling at scission with the ones of Terrell based on
experimental observation, is very good.

The sum of the residual temperature distributions fol-
lowing the successive emission of all neutrons from the
light and heavy fragments and from all fragments of all
studied fissioning systems are given in sect. 5.

The average residual temperature and residual energy
following the successive emission of each neutron as well as
the average center-of-mass energy of each emitted neutron
are plotted as a function of the initial fragment mass in
fig. 7. They were obtained by averaging the quantities cor-
responding to the sequential emission of each neutron from
an initial fragment over the distributions Y (A,Z,TKE),
i.e.

qk(A) =
∑

Z,TKE

qk(A,Z,TKE)

×Y (A,Z,TKE)

/

∑

Z,TKE

Y (A,Z,TKE), (11)

in which qk(A,Z,TKE) denotes Tk(A,Z,TKE),
Erk(A,Z,TKE) and 〈ε〉k(A,Z,TKE) and qk(A) are
the quantities plotted in fig. 7.
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The sawtooth shape of these quantities corresponding
to the first (red circles), second (blue squares) and third
(green diamonds) emitted neutron is clearly visible. It can
be also seen that the successive emission of more than 3
neutrons (i.e., k = 4, 5, 6, etc.) is not possible for all initial
fragment masses.

In fig. 8 the probability of emission of each prompt
neutron as a function of initial fragment mass (left part)
and as a function of TKE (right part) is illustrated for two
fissioning nuclei, 235U(nth, f) and 252Cf(SF). In the case of
probabilities as a function of A it can be observed that the
left humps for the third and 4th emitted neutron (green
and wine symbols) are visibly higher than the correspond-
ing right humps, i.e. the probability to emit sequentially
three and four neutrons is higher for the light fragment
group than for the heavy fragment group. The light and
heavy fragment groups emit sequentially one and two neu-
trons (red and blue humps, respectively) with almost the
same probability. This is not surprising because it is well
known that for fissioning systems at low energy the aver-
age initial excitation energy of the light fragment group
is higher than that of the heavy fragment group and also
the average number of prompt neutrons emitted by the
light fragment group is higher than the average number
of neutrons emitted by the heavy fragment group.

4 Validation of sequential emission
calculation by comparison with experimental
data and results of other prompt emission
models

To obtain the multi-parametric matrices of different quan-
tities associated to an initial fragment at a given TKE,
with probability Y (A,Z,TKE), the sequential emission
results are averaged over the number of sequences cor-
responding to the respective initial fragment, i.e.

q(A,Z,TKE) =
1

kmax(A,Z,TKE)

kmax
∑

k=1

qk(A,Z,TKE).

(12)
By averaging the quantities q(A,Z,TKE) given by

eq. (12) in different ways over the Y (A,Z,TKE) distri-
butions (as mentioned in ref. [4] and references therein),
different average prompt emission quantities are obtained,
e.g. q(A) (by summing over Z and TKE), q(A,TKE) (by
summing over Z), 〈q〉(TKE) (by summing over A and Z),
etc.

To validate this deterministic treatment of sequen-
tial emission, the average quantities mentioned above are
compared with existing experimental data (e.g., of ν(A),
〈ν〉(TKE), 〈ε〉(A), etc.). Examples of such comparisons
are given in the next figures as follows.

One of the most significant comparisons concerns the
average prompt neutron multiplicity as a function of initial
fragment mass A, especially because this quantity is very
sensitive to the TXE partition. Another comparison con-
cerns the systematic behaviour of the experimental ratio
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Fig. 9. ν(A) (upper part) and the ratio νH/(νL+νH) as a func-
tion of AH for 235U(nth, f): the sequential emission result (blue
diamonds) in comparison with the experimental data (differ-
ent black and gray symbols) and the PbP result (red circles)
of ref. [4].
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Fig. 11. ν(A) (upper part) and the ratio νH/(νL + νH) as a
function of AH for 239Pu(nth, f): the sequential emission result
(blue diamonds), the experimental data (different black and
gray symbols), the Wahl evaluation (wine line in the lower
part), the results of PbP (red circles) and GEF (green squares).

νH/(νL +νH) as a function of AH (mentioned by Wahl [12]
and in many of our previous papers, e.g. refs. [23–25]).
At low excitation energy this systematic behaviour con-
sists in a ratio less than 0.5 for AH going from symmet-
ric fission up to about 140, with a minimum placed at
AH around 130. The ratio is of about 0.5 at AH around
140 (which corresponds to the most probable fragmenta-
tion of the majority of fissioning nuclei) and it exhibits
an almost linear increase for AH above this value. Such
comparisons are illustrated in figs. 9–11 for 235U(nth, f),
252Cf(SF) and 239Pu(nth, f): ν(A) in the upper part and
the ratio νH/(νL + νH) as a function of AH in the lower
part. The sequential emission results are plotted with blue
symbols, the experimental data with different black and
gray symbols and the PbP results of ref. [4] with red cir-
cles. In the case of 239Pu(nth, f) the result of the GEF
code [26] is also given (green symbols).

As it can be seen the sequential emission results of
ν(A) and the ratio νH/(νL + νH) as a function of AH, give
an overall good description of the experimental data of
these fissioning nuclei.

In the case of 235U(nth, f) (fig. 9) the sequential emis-
sion result of ν(A) at AH around 130 is visibly lower than
the PbP result and the experimental data, except the data
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Fig. 12. ν(A) of 237Np(n, f) at En = 0.8 and 5.5 MeV: the se-
quential emission results are plotted with red circles (0.8 MeV)
and blue squares (5.5 MeV), the experimental data are plotted
with full gray symbols at 0.8 MeV and open black symbols at
5.55 MeV. The PbP results are given in the lower part with
orange circles (0.8 MeV) and green squares (5.5 MeV).

of Göök et al. [27]. A slight overestimation of experimental
data at AH between 140 and 145 is also seen, being more
visible in the ratio νH/(νL + νH) as a function of AH.

In the case of 252Cf(SF) (fig. 10) the sequential emis-
sion result of both ν(A) and the ratio νH/νpair(AH) gives
a very good description of experimental data, including
the recent ones of Göök et al. [6] (black squares with a
cross inside).

The lower value of ν(A) provided by the sequential
emission calculation at AH around 130 compared to the
PbP results and the majority of experimental data is vis-
ible in the case of 252Cf(SF) and 239Pu(nth, f), too. This
fact is not surprising because the sequential emission cal-
culations were done by taking only three charge numbers
Z at each A. Consequently the three nuclei considered at
AH around 130, being often magic (N = 82) and double
magic (N = 82, Z = 50), in many cases they have not
sufficient excitation energy to emit neutrons, leading to
a low average ν(A) (obtained by averaging ν(A,Z,TKE)
given by eq. (12) over Y (A,Z,TKE) by summing over Z
and TKE). This is not happening in the case of the PbP
model when the sequential emission is globally treated by
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Fig. 13. Upper part: sequential emission results of the ratio
νH/νpair(AH) at En = 0.8 MeV (red circles) and 5.5 MeV (blue
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open symbols at 5.5 MeV).

an analytical function of the residual temperature distri-
bution.

The sequential emission results of ν(A) of 237Np(n, f)
at En = 0.8MeV and 5.5MeV are plotted in fig. 12 with
red circles and blue squares, respectively, in the upper
part only in comparison with the experimental data sets
of Mueller et al. [28] (full gray symbols at 0.8MeV and
open black symbols at 5.55MeV) and in the lower part
also in comparison with the PbP results of ref. [14] (orange
circles at 0.8MeV and green squares at 5.5MeV).

Prompt neutron multiplicity increase with incident en-
ergy mainly for heavy fragments is clearly visible in both
calculations.

The behaviour of the prompt neutron multiplicity ra-
tio νH/(νL + νH) as a function of AH with increasing in-
cident neutron energy is well revealed in the upper part
of fig. 13 where the sequential emission results are plot-
ted with red circles at En = 0.8MeV and blue squares
at En = 5.5MeV in comparison with the experimental
data (full black symbols at 0.8MeV and black symbols
with a cross inside at 5.55MeV). The increase of the min-
imum placed at AH around 130 with increasing En is
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Fig. 14. 〈ν〉(TKE) of 235U(n, f) (upper part) and 252Cf(SF)
(lower part): the sequential emission results are plotted with
blue symbols, the experimental data of Göök et al. [6,32] with
black symbols and the PbP results with red symbols.

clearly visible, as well as a slight increase above 0.5 at
AH around 140 (due to the multiplicity increase with En
for heavy fragments only). This is a typical behaviour of
the νH/(νL + νH) ratio with increasing En (for details see
refs. [29,30]).

The comparable prompt neutron multiplicity results of
sequential emission and PbP is better visible in the lower
part of fig. 13 where the prompt neutron multiplicity of
a fragment pair is plotted as a function of AH with the
same symbols and colors as in the lower part of fig. 12.

The sequential emission results of 〈ν〉(TKE) (blue
symbols) are also in very good agreement with the recent
experimental data of 235U(n, f) and 252Cf(SF) measured
by Göök et al. [6,27] (black symbols) as it can be seen in
fig. 14. The PbP results are also given (red symbols) for
comparison.

For both fissioning systems differences between the
sequential emission and PbP results are visible only at
low TKE values, where 〈ν〉(TKE) of sequential emission
is lower. This is due also to the limited number of nu-
clei taken at each A in the sequential treatment, while in
the PbP treatment, even if the fragmentation range is the
same, this situation is avoided by the global treatment of
the sequential emission using a function of the residual
temperature distribution.
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Fig. 15. Sequential emission results of 〈ν〉(TKE) (blue symbols) for 239Pu(nth, f) and 236–244Pu(SF): in comparison with
experimental data (open black symbols) and the results of prompt emission models PbP (red circles) and FIFRELIN (wine or
violet symbols).

Sequential emission results of 〈ν〉(TKE) for other stud-
ied fissioning systems, i.e. 239Pu(nth, f) and the sponta-
neous fission of the even-even Pu isotopes 236–244Pu, are
given in fig. 15. Because experimental 〈ν〉(TKE) data ex-
ist only for 239Pu(nth, f) being missing for 236–244Pu(SF),
the present sequential emission results of 〈ν〉(TKE) are
compared with the PbP results (red symbols) and the re-
sults of the FIFRELIN code (based on sequential emission
in the frame of a probabilistic Monte Carlo treatment).
These results taken from ref. [31] are plotted with sym-
bols with a cross inside in different colors according to the
prescriptions used for the inertial momentum.

As it can be seen in fig. 15, the 〈ν〉(TKE) results of
sequential emission are close to those of FIFRELIN, in-
cluding at low TKE values. They are also close to the PbP
results at medium and high TKE values and are lower than
PbP at low TKE for the same reason already mentioned
related to fig. 14.

The average center-of-mass energy of prompt neu-
trons resulting from sequential emission is plotted with
blue symbols in the upper part of fig. 16 in comparison
with the recent experimental 〈ε〉(A) data of 235U(n, f)
and 252Cf(SF) measured by Göök et al. [6,32] (full black

squares). The 〈ε〉(A) results of PbP from ref. [4] (red cir-
cles) and of the Monte Carlo codes based on sequential
emission FIFRELIN (open wine circles), CGMF (green
diamonds with a cross inside) and FREYA (open orange
triangles) reported in ref. [3] are also given for compari-
son. The present 〈ε〉(A) results of sequential emission are

in agreement with the experimental data, except at AH

around 130 where they are much lower than the data and
the results of PbP, FIFRELIN and CGMF, being close to
the FREYA result in the case of 235U(nth, f). This under-
estimation is due not only to the limited number of three
Z taken at each A but especially to the non-energy level
density parameters of the Egidy-Bucurescu systematic for
the BSFG model. As it was already mentioned in sect. 2.2,
they lead to much lower values of 〈ε〉 for residual fragments
with AH around 130 at low excitation energies (below 5–
6MeV) than those corresponding to the energy-dependent
level density parameters of the super-fluid model.

The same situation (i.e., low values at AH around 130)
is happening for the energy carried out per neutron η(A)
(defined as η = 〈ε〉 + Sn) of 252Cf(SF) given in the lower
right part of fig. 16.
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Fig. 16. Upper part 〈ε〉(A) of 235U(nth, f) and 252Cf(SF): the sequential emission result (blue symbols) in comparison with the
experimental data (full black and gray symbols) and the results of prompt emission models PbP (red circles), FIFRELIN (open
wine symbols), CGMF (green diamonds with a cross) and FREYA (open orange up triangles). Lower part: 〈ε〉(TKE) (left) and
η(A) (right) of 252Cf(SF) the sequential emission result (blue symbols) in comparison with the experimental data (full and open
black symbols) and the PbP results (red circles).

The average center-of-mass energy of prompt neutrons
as a function of TKE for 252Cf(SF) is plotted in the lower
left part of fig. 16. As it can be seen the 〈ε〉(TKE) result
of sequential emission (blue symbols) agrees with the ex-
perimental data (full and open black symbols). It exhibits
the same decreasing slope as the PbP result from ref. [4]
(red circles).

Sequential emission results of average prompt γ-ray en-
ergy Eγ(A) of 235U(nth, f) and 239Pu(nth, f) describing the
experimental data as well as the linear correlation between
the average prompt γ-ray energy and average prompt neu-
tron multiplicity were already reported in ref. [33]. Con-
sequently in fig. 17 only the sequential emission result of
Eγ pair(AH) of 252Cf(SF) is given with blue symbols. It is in
good agreement with the experimental data of Nifenecker
et al. [34] (full black squares) and the PbP result of ref. [4]
(red circles). At AH near symmetry the sequential emis-
sion result is in better agreement with the experimental
data than the PbP result.

Sequential emission results of the prompt neutron mul-
tiplicity distribution P (ν) are plotted with open blue cir-
cles in fig. 18 in comparison with the experimental data
(different black and gray symbols) and the results of PbP
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Fig. 17. Average prompt γ-ray energy of a fragment pair as a
function of AH for 252Cf(SF): experimental data of Nifenecker
(black squares) and the results of sequential emission (blue
diamonds) and PbP (red circles).

from refs. [4,35,36] (full red circles). The P (ν) results of
sequential emission are in overall good agreement with the
experimental data and the PbP model results.
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Prompt fission neutron spectra in the laboratory frame
were also calculated as following. The Weisskopf-Ewing
evaporation spectra of each emitted neutron, indexed
k, corresponding to an initial fragment A, Z, TKE,

i.e. ϕk(ε) = K(Tk)σ
(k−1)
c (ε)ε exp(−ε/Tk) with σc(ε)

of eq. (6), are averaged over the number of sequences
kmax(A,Z,TKE) according to eq. (12), giving the av-
erage prompt neutron spectrum in the center-of-mass
frame ϕ(ε,A, Z,TKE) corresponding to an initial frag-
ment {A,Z} at a given TKE. This spectrum is trans-
formed into the laboratory frame,

N(E,A,Z,TKE) =
1

4
√

Ef (A,Z,TKE)

×
∫ u2

u1

ϕ(ε,A, Z,TKE)
dε√

ε
(13)

with the integration limits

u1,2 =

(√
ε ∓

√

Ef (A,Z,TKE)

)2

(14)

and the average kinetic energy per nucleon

Ef (A,Z,TKE) =
A0 − A

A

TKE

A0
, (15)

in which A0 is the mass number of the fissioning nucleus.
The prompt neutron spectrum in the laboratory frame

corresponding to a pair of initial fragments (i.e., a frag-
mentation) at a given TKE value is calculated as

Npair(E) =
νL

νL + νH
NL(E) +

νH

νL + νH
NH(E), (16)

where NL(E) and NH(E) are given by eq. (13) and the
prompt neutron multiplicities νL and νH are those cor-
responding to complementary initial fragments given by
eq. (12).

The total prompt neutron spectrum in the labora-
tory frame, which can be compared with experimental
data, is obtained by averaging the spectra of eq. (16)
over the fragment distribution Y (A,Z,TKE). Examples
of such prompt neutron spectra in comparison with the
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Fig. 19. Prompt fission neutron spectrum of 239Pu(nth, f) (up-
per part) and 238U(n2 MeV, f) (lower part) resulting from se-
quential emission calculation (green line) in comparison with
the experimental data renormalized to the respective calcula-
tion (different black and gray symbols). The high energy part
of the spectrum is focused as an insert.

experimental data (renormalized to the respective calcu-
lation) are given in fig. 19 for 239Pu(nth, f) (upper part)
and 238U(n, f) at En = 2MeV (lower part). To see bet-
ter the spectra at high prompt neutron energies, they are
given separately as an insert. In both cases the sequen-
tial emission result gives an overall good description of
experimental spectrum data.

5 Triangular form of the residual temperature
distribution

All residual temperature distributions, i.e. those corre-
sponding to the emission of the first few neutrons (see
fig. 3) as well as the sum of residual temperature distribu-
tions following the emission of all successive neutrons from
light fragments, heavy fragments and all fragments (given
in the figures of this section), can be approximated by a
triangular shape with a moderately broad cutoff at high
temperatures. See as an example the triangular shapes
plotted with blue and green lines in fig. 20. These shapes
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Fig. 20. Illustration of a residual temperature distribution
resulting from sequential emission (gray line) approximated by
triangular distributions with a broad high temperature cutoff
(blue and green lines) and with a sharp cut-off (red line).

approximate the residual temperature distribution result-
ing from sequential emission calculation, which is plotted
as a histogram with a gray line.

The triangular residual temperature distribution is
given by the general expression:

P (T ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Pmax

T1
T, T ≤ T1,

Pmax

T2 − T1
(T2 − T ), T1 ≤ T ≤ T2.

(17)

The parameters T1, T2 and Pmax entering this expression
can be interrelated by taking into account the following
conditions which have to be accomplished by the triangu-
lar form of P (T ):

i) The normalization to unity, i.e.
∫ T2

0
P (T )dT = 1, from

which

Pmax = 2/T2 (18)

and
ii) the first order momentum of the triangular P (T ) of

eq. (17) must be equal to the average residual tem-
perature 〈Tr〉 obtained from sequential emission cal-

culations, i.e.
∫ T2

0
TP (T )dT = 〈Tr〉 which leads to the

relation

T1 + T2 = 3〈Tr〉. (19)

Taking into account the relations (18) and (19), P (T ) of
eq. (17) becomes

P (T ) =
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

2T

T1(3〈Tr〉 − T1)
, T ≤ T1,

2

3〈Tr〉 − T1

3〈Tr〉 − T1 − T

3〈Tr〉 − 2T1
, T1 ≤ T ≤ 3〈Tr〉 − T1.

(20)
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Table 1. The ratio of the average residual temperature to the average initial temperature 〈Tr〉/〈Ti〉.

Fissioning 〈Tr〉/〈Ti〉 〈Tr〉/〈Ti〉 〈Tr〉/〈Ti〉 Prescriptions of the level

nucleus light fragments heavy fragments all fragments density parameters and σc(ε)

235U(nth, f) 0.598 0.589 0.588 BSFG, σc(ε) of eq. (6)

0.594 0.583 0.583 BSFG, σc constant

0.604 0.591 0.595 G-C, σc(ε) of eq. (6)

252Cf(SF) 0.623 0.598 0.603 BSFG, σc(ε) of eq. (6)

0.622 0.590 0.599 BSFG, σc constant

0.629 0.600 0.607 G-C, σc(ε) of eq. (6)

239Pu(nth, f) 0.614 0.605 0.604 BSFG, σc(ε) of eq. (6)

0.623 0.611 0.615 G-C, σc(ε) of eq. (6)

236Pu(SF) 0.599 0.593 0.594 BSFG, σc(ε) of eq. (6)

238Pu(SF) 0.595 0.597 0.591 BSFG, σc(ε) of eq. (6)

240Pu(SF) 0.591 0.592 0.596 BSFG, σc(ε) of eq. (6)

242Pu(SF) 0.602 0.593 0.593 BSFG, σc(ε) of eq. (6)

244Pu(SF) 0.604 0.598 0.595 BSFG, σc(ε) of eq. (6)

Examples of triangular P (T ) forms corresponding to an
average residual temperature value 〈Tr〉 = 0.6512MeV
(resulting from the sequential emission calculation for the
heavy fragments of 252Cf(SF)) are exemplified in fig. 20
for the T1 values of 0.7MeV (green line) and 0.8MeV
(blue line).

The diffuse high temperature cutoff of P (T ) can be
replaced by a sharp cutoff so that P (T ) is given by the
following triangular distribution:

P (T ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

8T

9〈Tr〉2
, T ≤ 3

2
〈Tr〉,

0, T >
3

2
〈Tr〉,

(21)

which is plotted with a red line in fig. 20.
The replacement of a triangular P (T ) distribution with

a moderately broad cutoff at high temperatures by a dis-
tribution with a sharp cutoff is justified by the use of
this residual temperature distribution with a Weisskopf
evaporation spectrum. It is known that the Weisskopf-
Ewing spectrum overestimates somewhat the prompt neu-
tron spectra at high neutron energies [1,22]. This overes-
timation can be compensated by the triangular P (T ) with
a sharp cutoff which eliminates the residual temperatures
higher than the maximum temperature T1 = 3〈Tr〉/2.

The prompt emission models with a global treatment
of the sequential emission (e.g., the Los Alamos model of
Madland and Nix with equal maximum temperatures of
the complementary light and heavy fragments [1] or non-
equal maximum temperatures of Madland and Kahler [2]
and the PbP model ref. [4] and references therein) consider
a residual temperature distribution P (T ), i.e. the prompt
neutron spectrum in the center-of-mass frame expressed
as

φ(ε) =

∫ T max

0

P (T )ϕ(ε, T )dT, (22)

in which the prompt neutron spectrum corresponding to
a given residual temperature T is usually taken as a Weis-
skopf evaporation spectrum (eq. (2)).

Consequently a triangular P (T ) form with a sharp high
temperature cutoff, expressed by eq. (21), is used. In this
case a connection between the average residual temper-
ature 〈Tr〉 entering eq. (21) and the temperature of ini-
tial fragments Ti (before emission of prompt neutrons) is
required. In other words 〈Tr〉 must be expressed as a func-
tion of Ti.

A very interesting finding of this study is that the ra-
tio of average residual temperature 〈Tr〉 resulting from
sequential emission calculations to the initial temperature
〈Ti〉 is approximately 0.6 in all cases, i.e. corresponding to
the light and heavy fragment groups and all fragments and
for all studied fissioning systems, see table 1 and fig. 21.
Even by solving the successive residual temperature equa-
tions under different prescriptions of the level density pa-
rameter and σc(ε), the ratio 〈Tr〉/〈Ti〉 does not change, it
remains ≈ 0.6 (as is exemplified in table 1 for the fissioning
nuclei 235U(nth, f), 252Cf(SF) and 239Pu(nth, f)).

It is also very interesting to observe that the ratio
〈Tr〉/〈Ti〉 does not change with increasing excitation en-
ergy of the fissioning nucleus (i.e. increasing incident neu-
tron energy En). It remains very close to 0.6. This is
shown in the right part of fig. 21 for the fissioning nuclei
237Np(n, f), 238U(n, f) and 234U(n, f) for which sequential
emission calculations were done at En values up to about
the threshold of second chance fission. In the left part of
this figure the average residual and initial temperatures
(full and open symbols, respectively) corresponding to the
light fragments (blue squares), heavy fragments (red cir-
cles) and all fragments (black diamonds) are plotted as a
function of En. It can be observed that at low En the av-
erage residual temperatures of light fragments are higher
than those of heavy fragments. At higher En the situa-



Eur. Phys. J. A (2018) 54: 87 Page 17 of 24

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
0.2

0.4

0.6

0.8

1.0

1.2

1.4
237

Np(n,f)

R esidual temp. LF HF All FF

Initial  temp.      LF HF All FF

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
0.56

0.58

0.60

0.62

0.64

0.66

0.68

2/3

0.60

  <Tr>/<Ti> 

 Light fragments

 Heavy fragments

 All fragments 

237
Np(n,f)

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
0.2

0.4

0.6

0.8

1.0

1.2
238

U(n,f)

R esidual temp. LF HF All FF

Initial  temp.      LF HF All FF

R
e
s
id

u
a
l 
a
n

d
 I
n

it
ia

l 
T

e
m

p
e
ra

tu
re

 (
M

e
V

)

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
0.56

0.58

0.60

0.62

0.64

0.66
2/3

0.60

  <Tr>/<Ti>

 Light fragments

 Heavy fragments

 All fragments 

238
U(n,f)

R
a

ti
o

 <
T

r>
/<

T
i>

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.2

0.4

0.6

0.8

1.0

1.2
234

U(n,f)

R esidual temp. LF HF All FF

Initial  temp.      LF HF All FF

En (MeV)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.56

0.58

0.60

0.62

0.64

0.66
2/3

0.60

  <Tr>/<Ti> 

 Light fragments

 Heavy fragments

 All fragments 

234
U(n,f)

En (MeV)

Fig. 21. Left part: the average values of residual temperatures (full symbols) and of initial temperatures (open symbols)
corresponding to the light fragments (blue squares), heavy fragments (red circles) and all fragments (black diamonds) as a
function of En for 237Np(n, f) (upper part), 238U(n, f) (middle) and 234U(n, f) (lower part). The sequential emission calculations
are done at the En values where Y (A, TKE) were measured at JRC-Geel. Right part: the ratios of the average residual
temperatures to the average temperatures of the initial fragments at these En values using the same symbols and colors as in
the left part. The ratio 〈Tr〉/〈Ti〉 = 2/3 corresponding to the P (T ) form of Madland and Nix is also plotted.

tion is reversed, 〈Tr〉 of heavy fragments being higher than
〈Tr〉 of light fragments. This fact is due to the increase of
initial excitation energy and prompt neutron multiplicity
with En mainly for the heavy fragments. In the right part
of fig. 21 the ratios 〈Tr〉/〈Ti〉 as a function of En are plot-
ted with the same symbols and colors as in the left part.
As it can be seen all 〈Tr〉/〈Ti〉 ratios are very close to 0.6
over the entire En range.

Consequently by taking 〈Tr〉 = 0.6〈Ti〉 the triangu-
lar P (T ) of eq. (20) with a moderately broad cutoff at
high temperatures can be expressed as a function of the
temperature of the initial fragments (before emission of
prompt neutrons) as

P (T ) =
⎧

⎪

⎪

⎨

⎪

⎪

⎩

2

T 2
i

T

r(1.8 − r)
, T ≤ rTi,

2

T 2
i

1

1.8 − 2r

(

Ti −
T

1.8 − r

)

, rTi ≤ T ≤ (1.8 − r)Ti,

(23)

in which r is a parameter with the maximum value of 0.9.

By considering 〈Tr〉 = 0.6〈Ti〉 in the triangular P (T )
with a sharp cut-off given by eq. (21) or by taking r = 0.9

in eq. (23), the following triangular distribution with a
sharp high temperature cutoff is obtained

P (T ) =

⎧

⎪

⎨

⎪

⎩

2

T 2
i

T

0.81
, T ≤ 0.9Ti,

0, T > 0.9Ti.

(24)

This triangular form of P (T ) is similar to the P (T )
form proposed by Madland and Nix [1] which is currently
used in the Los Alamos and PbP models

P (T ) =

⎧

⎪

⎨

⎪

⎩

2

T 2
i

T, T ≤ Ti,

0, T > Ti,

(25)

for which the ratio 〈Tr〉/〈Ti〉 is 2/3. Obviously, by replac-

ing 〈Tr〉 = (2/3)〈Ti〉 in the P (T ) form of eq. (21) the P (T )
of Madland and Nix is obtained.

The sums of the residual temperature distributions fol-
lowing the successive emission of each neutron from light
fragments, heavy fragments and all fragments obtained
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Fig. 22. Residual temperature distributions of 235U(nth, f) (left part) and 252Cf(SF) (right part) for light fragments (upper
part), heavy fragments (middle) and all fragments (lower part). The P (T ) result of sequential emission is given with a gray line.
P (T ) of Terrell is plotted with a black line in the lower part. The present value of 〈Tr〉 is in good agreement with the result of
Terrell. The P (T ) form of Madland and Nix is plotted with a red line and the new P (T ) with a blue line. The values of average
residual and initial temperatures are indicated in each frame.

from the sequential emission calculations for the fission-
ing nuclei 235U(nth, f), 252Cf(SF) are plotted as histograms
(gray lines) in fig. 22. The new P (T ) expressed by eq. (24)
are given with blue lines in comparison with the P (T )
form of Madland and Nix (red lines). The values of aver-
age residual and initial temperatures are indicated in each
frame.

Residual temperature distributions of these fission-
ing nuclei, deduced from experimental data available at
that time, were reported by Terrell [22]. They are plotted
with black lines in the lower parts of fig. 22. As it can
be seen the residual temperature distributions from the
present sequential emission treatment (gray lines) are in
very good agreement with the distributions of Terrell. The
average values of the residual temperature corresponding
to the sum of residual temperature distributions follow-
ing the successive emission of each neutron from all frag-
ments are also in very good agreement with the aver-
age values reported by Terrell, i.e. for 235U(nth, f) the
present result 〈Tr〉 = 0.590MeV compared to 〈T 〉 =
(0.58 ± 0.30)MeV [22] and for 252Cf(SF) the present re-
sult 〈Tr〉 = 0.708MeV compared to the result of Terrel
〈T 〉 = (0.71 ± 0.05)MeV.

Note, the average residual temperature 〈T 〉 was ob-
tained by Terrell [22] from a relation connecting the av-
erage prompt neutron energies in the center-of-mass and
laboratory frames and the average kinetic energy per nu-
cleon 〈Ef 〉, i.e. 〈E〉 = 〈Ef 〉 + 〈ε〉. Assuming a Weiskopf

evaporation spectrum in the center-of-mass frame with
a nearly constant σc(ε), Terrell has obtained 〈T 〉 from
the relation 〈E〉 = 〈Ef 〉 + 2〈T 〉 in which 〈E〉 was de-
termined from experimental prompt neutron spectrum
data (e.g., 〈E〉 = (1.935 ± 0.05MeV) in the case of
235U(nth, f)). 〈Ef 〉 was obtained from the experimental
TKE data available at that time and the fragment mass ra-
tios AH/AL. It is interesting to mention the average value
〈Ef 〉 = (0.78±0.02)MeV found by Terrell for a wide range
of Z and A.

For the fissioning nuclei 239Pu(nth, f) and
236,238,240,242,244Pu(SF) the sum of residual temper-
ature distributions following the successive emission of
all neutrons a) from light fragments, b) from heavy
fragments and c) from all fragments are plotted in fig. 23
together with the new P (T ) form of eq. (24) and the
P (T ) of Madland and Nix, using the same colors as in
fig. 22. In the case of 237Np(n, f), 238U(n, f) and 234U(n, f)
sequential emission calculations were performed at the
incident neutron energies where Y (A,TKE) distributions
were measured. For each of these fissioning nuclei residual
temperature distributions are exemplified at two incident
energies as following. 237Np(n, f) at En = 0.8 and
5.55MeV (fig. 24), 238U(n, f) at En = 2 and 5.5MeV
(fig. 25) and 234U(n, f) at En = 0.835 and 5MeV (fig. 26).
The P (T ) resulting from sequential emission calculations
and the triangular P (T ) of eqs. (24) and (25) are plotted
with the same colors as in figs. 22 and 23.
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Fig. 23. Residual temperature distributions of 239Pu(nth, f) and 236–244Pu(SF) of (a) heavy fragments, (b) light fragments and
(c) all fragments: P (T ) from sequential emission (histogram, gray lines), new P (T ) (blue lines) and P (T ) of Madland and Nix
(red lines). The values of average residual and initial temperatures are indicated in each frame.
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Fig. 23. Continued.
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Fig. 24. Residual temperature distributions of 237Np(n, f) at En = 0.8 MeV (left side) and 5.5 MeV (right side) of light
fragments (upper part), heavy fragments (middle) and all fragments (lower part) plotted with the same colors as in previous
figures.
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Fig. 25. Residual temperature distributions of 238U(n, f) at En = 2 MeV (left side) and 5.5 MeV (right side) of light fragments
(upper part), heavy fragments (middle) and all fragments (lower part) plotted with the same colors as in previous figures.
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Fig. 26. Residual temperature distributions of 234U(n, f) at En = 0.835 MeV (left side) and 5 MeV (right side) of light fragments
(upper part), heavy fragments (middle) and all fragments (lower part) plotted with the same colors as in previous figures.
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Fig. 27. Examples of PbP results obtained with the new form of P (T ) plotted with full green circles as follows: ν(A) of
235U(nth, f) and 252Cf(SF) in the upper part, 〈ν〉(TKE) and Eγ(A) of 235U(nth, f) in the middle part, 〈ε〉(A) of 235U(nth, f)
and 〈ε〉(TKE) of 252Cf(SF) in the lower part, in comparison with the experimental data (different black and gray symbols), the
PbP results from ref. [4] obtained with the P (T ) of Madland and Nix (red open circles or with a cross inside) and the results
of the Monte Carlo codes FIFRELIN (open wine diamonds), CGMF (blue open down triangles) and FREYA (orange open up
triangles) from ref. [3] (in the lower left part).

6 PbP model results using the new triangular
form of P(T)

The triangular form of eq. (24) was included in the PbP
treatment instead of the P (T ) form of Madland and Nix
eq. (25) in order to see the differences in different prompt
emission quantities.

The average prompt neutron multiplicity results ν(A)
and 〈ν〉(TKE) obtained with the new P (T ) differ insignif-
icantly from the results obtained with the P (T ) form of
Madland and Nix. See as example the PbP results of ν(A)
and 〈ν〉(TKE) plotted with full green circles in compari-
son with the experimental data (different black and gray
symbols) in the upper part and the left middle part of
fig. 27.

Visible differences between the PbP results obtained
with P (T ) of eqs. (24) and (25) are expected in the case of
average center-of-mass energy of prompt neutrons, i.e. 〈ε〉
obtained with P (T ) of eq. (24) is expected to be slightly
lower than 〈ε〉 obtained with P (T ) of Madland and Nix.
This fact is visible in the case of 〈ε〉(A), exemplified in the
lower left part of fig. 27 for 235U(nth, f), where the PbP
result with the new P (T ) plotted with full green sym-
bols is compared to the PbP result of ref. [4] given with
red circles with a cross inside and also with the results of
the Monte Carlo codes FIFRELIN (open wine diamonds),
CGMF (open blue down triangles) and FREYA (open or-
ange up triangles) from ref. [3]. In the case of 〈ε〉(TKE),
exemplified in the lower right part of fig. 27 for 252Cf(SF),
the change in the decreasing slope induced by the use of
different P (T ) into the PbP model is visible.
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The slight decrease of 〈ε〉 obtained with P (T ) of
eq. (24) compared to 〈ε〉 obtained with P (T ) of Madland
and Nix can be easily demonstrated in the case of a con-
stant σc(ε). In this case the prompt neutron spectrum in
the center-of-mass frame of eq. (22) becomes

Φ(ε) =
2ε

T 2
max

E1(ε/Tmax) with E1(z) =

∫

∞

z

exp(−x)

x
dx,

(26)
where the maximum temperature is Tmax = Ti in the case
of P (T ) of Madland and Nix and Tmax = 0.9Ti for P (T ) of
eq. (24). The moments of the distribution given by eq. (26)
can be evaluated by interchanging the order of integration,
which leads to

〈εn〉 =

∫

∞

0

εnΦ(ε)dε =
2(n + 1)!

n + 2
Tn

max, (27)

giving for the average center-of-mass energy 〈ε〉 =
(4/3)Tmax. Consequently 〈ε〉 obtained with P (T ) of
eq. (24) is 0.9 from 〈ε〉 obtained with P (T ) of Madland
and Nix.

Some differences between the average prompt γ-ray
energy results obtained with P (T ) of eqs. (24) and (25)
are also expected. An example of average Eγ as a function
of A is illustrated in the middle right part of fig. 27 for
235U(nth, f). The PbP result with the new P (T ) is plotted
with full green circles in comparison with the previous
result from ref. [4] (open red circles) obtained with P (T ) of
Madland and Nix and the experimental data of Pleasonton
et al. [37] (full black squares).

Note that the PbP results using P (T ) of eq. (24) given
in fig. 27 were obtained with σc(ε) provided by optical
model calculations with the potential parameterization of
Becchetti-Greenlees [15] and energy-dependent level den-
sity parameters of fragments of the super-fluid model with
shell corrections of Möller and Nix [21] and the parameter-
izations of Ignatiuk [18] for the damping and the asymp-
totic level density parameter.

It is known that the shape of the prompt neutron spec-
trum (irrespective of the sequential or global treatment of
successive prompt neutron emission) is sensitive to differ-
ent prescriptions concerning σc(ε) (see ref. [3] and refer-
ences therein), the level density parameters of fragments
and to the consideration or not of anisotropy. The tri-
angular P (T ) form of Madland and Nix used in the Los
Alamos model (i.e., only one fragmentation taken into ac-
count with average model parameters) with equal maxi-
mum temperatures of the complementary light and heavy
fragments as in ref. [1] or non-equal maximum tempera-
tures of complementary fragments as in ref. [2] also im-
pacts the prompt neutron spectrum [2,4]. The influence
of the P (T ) form of eq. (24) on the shape of the prompt
neutron spectrum in the center-of-mass and laboratory
frames will be the subject of a future paper.

7 Conclusions

A deterministic treatment of the sequential emission of
prompt neutrons based on successive equations of the

residual temperature was developed. These equations,
based on the assumption of fragment level densities in the
Fermi gas regime, were solved under the approximations
of non energy-dependent level density parameters of frag-
ments and analytical expressions of the compound nucleus
cross-sections of the inverse process of successive neutron
evaporation from initial and residual fragments.

Because the main objective was the investigation of
a possible systematic behaviour of the residual tempera-
ture distribution, this sequential emission treatment was
applied to 11 nuclei undergoing fission spontaneously
(252Cf(SF), 236–244Pu(SF)), induced by thermal neutrons
(235U(nth, f), 239Pu(nth, f)) and by fast neutrons with en-
ergies up to about 5MeV (237Np(n, f), 238,244U(n, f)), for
which reliable experimental fragment distributions exist.

This sequential emission modeling was validated by the
good agreement of its results (e.g., prompt neutron mul-
tiplicity ν(A), 〈ν〉(TKE), average prompt neutron energy
〈ε〉(A), 〈ε〉(TKE), prompt γ-ray energy Eγ(A), prompt
neutron multiplicity distribution P (ν), etc.) with the ex-
perimental data and the results of other prompt emission
models (e.g., PbP, FIFRELIN, etc.).

The shapes of all residual temperature distributions,
corresponding to the light and heavy fragment groups
and to all fragments, obtained from the present sequen-
tial emission calculations, can be well approximated by
triangular forms with a moderately broad cut-off at high
temperatures.

In order to use such triangular forms of the resid-
ual temperature distribution into prompt emission mod-
els with a global treatment of the sequential emission, a
relation between the average residual temperature (first
order momentum of P (T )) and the average temperature
of initial fragments (before prompt neutron emission) is
needed.

A very important finding is that for all studied fission-
ing nuclei, irrespective of the type of fission (spontaneous
or induced by neutrons with energies from thermal up to
the limit of the second chance fission threshold), the ratio
of the average residual temperature to the average initial
temperature is very close to 0.6. These average tempera-
ture ratios are referring to the light and heavy fragments
groups and to all fragments. Moreover the use of different
approximations concerning the level density parameters of
fragments and the compound nucleus cross-section of the
inverse process (even the rough approximation of a con-
stant compound nucleus cross-section) leads to the same
value ≈ 0.6 of the average residual to initial temperature
ratio.

The expression of the first order momentum of the tri-
angular P (T ) form as 0.6 from the temperature of initial
fragments together with the replacement of the moder-
ately broad cut-off at high temperatures by a sharp cut-off
(i.e., considering as upper limit of the residual tempera-
ture the value corresponding to the maximum of the tri-
angular P (T ) form) gives a general simple form of P (T )
applicable to any fissioning system in the frame of prompt
emission models with a global treatment of the sequential
emission.
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This proposed P (T ) form with the first order momen-
tum 〈T 〉 = 0.6Ti and the maximum temperature value
Tmax = 0.9Ti, differing from the currently used form of
Madland and Nix with 〈T 〉 = (2/3)Ti and the maximum
temperature value equal to the temperature of initial frag-
ments can lead to an improvement of the very popular Los
Alamos model and of the PbP model, too.

This work was done in the frame of the Romanian research
project PN-III-P4-PCE-2016-0014.
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