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Abstract – The α-decay is considered as a superasymmetric fission process. A fragmentation path
is obtained by mean of the least action principle in a configuration space spanned by five degrees
of freedom. The potential barrier is obtained within the macroscopic-microscopic model while the
effective mass and the momentum of inertia within the cranking approach. The single-particle
wave functions and the single-particle energies are supplied by the Woods-Saxon two-center shell
model. The fine structure of 211Bi α-decay is treated within a set of generalized time-dependent
pairing equations that takes into account the Landau-Zener effect and the Coriolis coupling. A
low value of the internuclear collective velocity was used. The theoretical results showed a good
agreement with the experimental data. Essentially, in the framework of the formalism, the fine
structure for the 211Bi is due to the occurrence of the Coriolis coupling.

Copyright c© EPLA, 2018

Introduction. – The classical phenomenology of
α-decay assumes that a preformed cluster penetrates an
external potential barrier, essentially of Coulomb na-
ture [1]. The probability of the formation of the α-particle
is known as spectroscopic factor, and it is calculated as an
overlap of the state of the initial fragment nucleus and that
of the system formed by the daughter and the alpha cluster
at scission [2,3]. The way in which the α-particle appears
on the surface of the nucleus is still a subject of investiga-
tions [4–7]. However, in the classical α-decay theory only
the initial and the final states should be known. The half-
life of the process is mainly ruled by the Q-value of the
reaction that fixes the height of the potential barrier. The
fine structure of α-radioactivity means that the emission
probability depends on the final state of the daughter. The
theory of the fine structure of α-decay has been reviewed
recently in ref. [8]. In the current theory, the fine structure
is evaluated with a time-independent system of coupled
channels equations for the α-daughter radial motion.

In the following, the α-emission is treated with a fission-
like formalism. In the spontaneous-fission theory, firstly
we need to determine a fragmentation path that starts
from the ground state of the parent nucleus and arrives
in the scission point. This path in obtained within the
least action principle, by taking into account the variation

of two quantities: the potential energy and the inertia.
Both ingredients depend on the rearrangement of the nu-
clear structure during the deformation, while the inertia
depends also on the history of the evolution of the nuclear
system. In principle, the fission model should not need the
knowledge of empirical parameters as the Q-value, because
the collective potential should reproduce the ground-state
mass of the parent in the initial state and those of the
daughter and of the α-particle in the asymptotic configu-
ration. Recently, the 211Po α-decay fine structure was in-
vestigated as solution of a system of microscopic equations
of motion [9], by considering the α-decay as a superasym-
metric fission process. This system takes into account
dynamical and microscopical effects. It was shown that
excitations on superior single-particle levels of the 207Pb
daughter nucleus are mainly due to the Landau-Zener ef-
fect. This effect is due to the rearrangement in time of
the nuclear structure. It was predicted that a similar
effect should be responsible for the fine structure of the
211Bi α-decay, due to a possible existence of an avoided
crossing region located in the Fermi energy gap region.
In the following, the fission approach is used to describe
the fine structure of the α-decay 211Bi. In this study, the
importance of the Coriolis coupling produced during the
formation of the α-cluster is emphasized.
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Microscopic equations of motion. – The micro-
scopic equations of motion deduced in ref. [9] are used
to determine the spectroscopic factors. These equations
are obtained from the variation of the energy functional

δL = δ

〈

ϕIM

∣

∣

∣

∣

∣

H + HR − i
∂

∂t
+ H ′

− λ|N2N̂1 − N1N̂2|

∣

∣

∣

∣

∣

ϕIM

〉

(1)

where H is the many-body Hamiltonian with pairing resid-
ual interaction:

H =
∑

Ω,m

ǫΩ,m

(

a+
Ω,maΩ,m + a+

Ω̄,m
aΩ̄,m

)

− G
∑

(Ω,m)(Ω1,m1)

a+
Ω,ma+

Ω̄,m
aΩ1,m1

aΩ̄1,m1
. (2)

One denoted with ǫΩ,m the single-particle energies, and
with G a constant pairing interaction. The symbol ǫΩ,m

means the single-particle states m with the projection
of the spin Ω, while a+

Ω,m/aΩ,m are the single-particle
creation/annihilation operators, In the functional (1),
H ′ denotes an interaction that is responsible for the
nucleon promotion mechanism between single-particles
states characterized by the same good quantum numbers,
generically known as the Landau-Zener effect [10,11]:

H ′ =
∑

Ω,m,m′

hΩ,m,m′α+
Ω,m′(Ω,m′)αΩ,m′(Ω,m)

×
∏

Ω′,m′′

αΩ′,m′′(Ω,m′)a
+
Ω′,m′′aΩ′,m′′α+

Ω′,m′′(Ω,m), (3)

where α+
Ω,m′(Ω,m′) = uΩ,m(Ω,m′)a

+
Ω,m − v∗

Ω,m(Ω,m′)aΩ̄,m

is the quasiparticle creation operator and αΩ,m′(Ω,m) =

uΩ,m′(Ω,m)aΩ,m′ − vΩ,m′(Ω,m)a
+
Ω̄,m′

is the quasiparticle an-

nihilation operator. Here, hΩ,m,m′ is the interaction en-
ergy between states m and m′, in the avoided crossing level
regions. If the nuclear shape parametrization is axial sym-
metric, the good quantum numbers are the projection of
the intrinsic spin Ω on the axis of symmetry. The symbols
uΩ,m′(Ω,m) and vΩ,m′(Ω,m) are the BCS amplitudes of the
single-particle level (Ω, m′) in the seniority-one configura-
tion (Ω, m). The term (3) is discussed in ref. [12], where
a generalization of the pairing equations of motion by in-
cluding the Landau-Zener effect was realized. This term
is also responsible for a dynamical pair breaking mecha-
nism [13]. The axial symmetric rotor energy is [14]

HR =
h̄2

2J

(

I2 − j2
z

)

+
h̄2

2J

(

j2
x + j2

y

)

−
h̄2

2J
(j+I− + j−I+) ,

(4)
where J denotes the total momentum of inertia, I =
(Ix, Iy, Iz) represents the total angular momentum and
j = (jx, jy, jz) is the intrinsic angular momentum of a par-
ticle. Finally, the dynamical condition for the projection

of the number of particles in the final fragments appearing
in formula (1) is obtained with the supplementary condi-
tion |N2N̂1 − N1N̂2|, as discussed in refs. [15,16]. So, N̂1

and N̂2 are particle number operators associated to the fi-
nal fragments, while λ is a Lagrange multiplier. The trial
many body-state is considered as a superposition of prod-
ucts between seniority-one Bogoliubov wave functions and
rotation functions:

|ϕIM 〉 =
∑

Ω,m

cΩ,m|ϕIMΩm〉 =

∑

Ω,m

cΩ,mb+
I,M,Ω,m

∏

(Ω1,m1) �=(Ω,m)

×
(

uΩ1,m1(Ω,m) + vΩ1,m1(Ω,m)a
+
Ω1,m1

a+
Ω̄1,m1

)

|0〉 (5)

with

b+
I,M,Ω,m|0〉 =

(

2I + 1

8π2

)1/2 (

Ω

|Ω|

)I+Ω

DI
MΩ(ω)a+

Ω,m|0〉,

(6)
where Ω represents the intrinsic spin projection on the
axis of symmetry. As mentioned, m identifies different
states in the same Ω levels space. Here, DI

MΩ(ω) denotes
the rotation function, while cΩ,m are the amplitudes of
different seniority-one configurations. Therefore, |cΩ,m|2

is the probability to find the seniority-one configuration
with the unpaired nucleon located on the single-particle
level labeled by the quantum numbers (Ω, m).

As detailed in ref. [9], the next time-dependent equa-
tions of motion emerge:

−ih̄ċ∗
Ω,m =

c∗
Ω,m

{

2
∑

(Ω′,m′) �=(Ω,m)

| vΩ′,m′(Ω,m) |2 (ǫΩ′,m′ − λ)

+ (ǫΩ,m − skλNk)

− G

∣

∣

∣

∣

∑

(Ω′m′) �=(Ω,m)

uΩ′,m′(Ω,m)vΩ′,m′(Ω,m)

∣

∣

∣

∣

2

− G
∑

(Ω′,m′) �=(Ω,m)

| vΩ′,m′(Ω,m) |4
}

+
h̄2

2J
c∗
Ω,m[I(I + 1) − Ω2]

−
h̄2

2J

{

∑

m′

c∗
Ω+1,m′((I − Ω)(I + Ω + 1))1/2

× [uΩ,m(Ω+1,m′)uΩ+1,m′(Ω,m)

+ v∗
Ω,m(Ω+1,m′)vΩ+1,m′(Ω,m)]

× 〈Ω + 1, m′|j+|Ω, m〉TΩ+1,m′,Ω,m

+
∑

m′

c∗
Ω−1,m′((I + Ω)(I − Ω + 1))1/2

× [uΩ,m(Ω−1,m′)uΩ−1,m′(Ω,m)

+ v∗
Ω,m(Ω−1,m′)vΩ−1,m′(Ω,m)]
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× 〈Ω − 1, m′|j−|Ω, m〉TΩ−1,m′,Ω,m}

− ih̄c∗
Ω,m

∑

(Ω′,m′) �=(Ω,m)

1

2
(v∗

Ω′,m′(Ω,m)v̇Ω′,m′(Ω,m)

− v̇∗
Ω′m′(Ω,m)vΩ′,m′(Ω,m))

+
∑

m′ �=m

hΩ,m′,mc∗
Ω,m′TΩ,m′,Ω,m, (7)

where the parameter sk = ±1 ensures a positive value for
the condition of dynamical projection on the numbers of
particles in both fragments at scission introduced through
the Lagrange multiplier λ in the functional (1). The num-
ber of nucleons in the fragment k is Nk. A shorthand
notation is used for the overlaps of products of quasipar-
ticle wave functions,

TΩ′,m′,Ω,m =
〈

0

∣

∣

∣

∣

∏

Ω1,m1

(uΩ1,m1(Ω′,m′) + vΩ1,m1(Ω′,m′)a
+
Ω1,m1

a+
Ω̄1,m1

)

×

∣

∣

∣

∣

∏

Ω2,m2

(uΩ2,m2(Ω,m) + vΩ2,m2(Ω,m)a
+
Ω2,m2

a+
Ω̄2,m2

)

∣

∣

∣

∣

0

〉

=
∏

Ω1,m1

[uΩ1,m1(Ω′,m′)uΩ1,m1(Ω,m)

+ v∗
Ω1,m1(Ω′,m′)vΩ1,m1(Ω,m)]. (8)

After manipulating the time-dependent pairing equa-
tions [17,18], the time derivatives v̇Ω′,m′(Ω,m) are given
by

ih̄

2
(v∗

Ω′,m′(Ω,m)v̇Ω′,m′(Ω,m) − v̇∗
Ω′,m′(Ω,m)vΩ′,m′(Ω,m)) =

2 | vΩ′,m′(Ω,m) |2 (ǫΩ′,m′ − λ) − 2G | vΩ′,m′(Ω,m) |4

+ ℜ

{

Δ∗
Ω,m

(

| vΩ′,m′(Ω,m) |4

uΩ′,m′(Ω,m)v
∗
Ω′,m′(Ω,m)

− uΩ′,m′(Ω,m)vΩ′,m′(Ω,m)

)}

(9)

and the system becomes tractable. As demonstrated in
ref. [9], eqs. (7) generalize the time-dependent pairing
eqs. [17,18], by including two mixing mechanisms, per-
taining to the Coriolis and to the Landau-Zener interac-
tions. The first one is managed by the rotational coupling
〈Ω′, m′|j±|Ω, m〉 which acts between states that differ by
one unit in Ω. The second one is ruled by the interactions
hΩ,m′,m that appear in the avoided crossing regions.

The energies of the many-body Hamiltonian H are

EΩ,m = 〈ϕIMΩm |H | ϕIMΩm〉

= 2
∑

(Ω′,m′) �=(Ω,m)

| vΩ′,m′(Ω,m) |2

× (ǫΩ′,m′ − λ) + (ǫΩ,m − λ)

−
|ΔΩ,m|2

G
− G

∑

(Ω′,m′) �=(Ω,m)

| vΩ′,m′(Ω,m) |4 (10)

for the seniority state (Ω, m), and those due to the external
rotations are

ER
I,Ω =

〈

ϕIMΩm

∣

∣

∣

∣

h̄2

2J

(

I2 − j2
z

)

∣

∣

∣

∣

ϕIMΩm

〉

=
h̄2

2J

(

I(I + 1) − Ω2
)

, (11)

where |ϕIMΩm〉 are wave functions of the serie (5). Both
collective energies intervene in eqs. (7).

The essential solutions of eqs. (7) are the amplitudes
cΩ,m. The system is solved from the ground state up to the
scission configuration. The values |cΩ,m|2 at scission gives
the probabilities to find the system in the seniority-one
configurations (Ω, m). Each seniority-one configurations
represent an excited state in which an unpaired nucleon is
located on the single-particle level (Ω, m) and |cΩ,m|2 can
be associated as a spectroscopic factor.

Results. – The α-decay of 211Bi is investigated within
the macroscopic-microscopic method. The liquid drop
part of the deformation energy is obtained with the
Yukawa plus exponential model, extended for binary sys-
tems with different charge densities [19,20]. The shell and
pairing effects are obtained with the Strutinsky prescrip-
tions [21]. A smooth transition between the shell and
pairing effects of the parent nucleus to those of both in-
dividual nuclei is realized in the scission region where the
distance between the centers of the fragments is about
9 fm, as already made for the α-decay of 296Lv in ref. [22].
If the number of single-particle levels in one fragment is
too small to apply the Strutinsky procedure, the shell and
pairing effects are set to zero, as described in ref. [23].
The collective inertia and the momentum of inertia are
obtained within the cranking model [24]. The nuclear sys-
tem is characterized by some collective coordinates that
vary in time leading to a split of the parent nucleus lead-
ing to a daughter 207Tl and to an α-cluster, considered
as two tangent spherical bodies. Our two-center nuclear
shape parametrization is characterized by five degrees of
freedom [12], namely the elongation R that denotes the
distance between the centers of the nascent fragments,
the necking, the two deformations of the fragments and
the mass-asymmetry parameter. This shape parametriza-
tion is given by two collinear ellipsoids smoothly joined
by an intermediate surface. This intermediate surface is
obtained by rotating an arc of circle around the axis of
symmetry. The fission path was obtained by using the
last action principle, as described in ref. [21]. The adi-
abatic potential barrier V , the effective mass B and the
momentum of inertia J , calculated along the least action
trajectory are displayed in fig. 1. The nuclear system be-
haves as a fission process in the initial stage of the disinte-
gration, that is up to R ≈ 3–4 fm. The internal structure
is reorganized and the stabilizing shell and pairing effects
are greatly reduced. A first barrier of about 5 Mev is ob-
tained. In the region of the second minimum of the fission
barrier, the α-decay path bifurcates to very large mass

12001-p3
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Fig. 1: (a) Potential energy V as a function of the elongation
R, normalized with a zero-point vibration energy of 0.5 Mev,
is plotted with a thick line. The external Coulomb interaction
obtained with the formula VC = −Q + 1.43992Z1Z2

R
( Mev) (R

being in fm units) is displayed with a thin line. The Q-value
is 6.7503 Mev [25]. (b) Effective mass B along the superasym-
metric fission path. (c) Momentum of inertia J .

asymmetries. A small peak around R = 5 fm locates the
region of the bifurcation. The potential barrier evidences
a molecular minimum for an elongation R compatible to
the scission configuration. This minimum was explained
in the previous references [22,26] as the occurrence of the
daughter strong shell effects in the final state. It should
be noticed that at the same elongation, a deep potential
pocket was also remarked in the Pb-He interaction poten-
tial in investigations based on effective nucleon-nucleon
interactions [27,28]. The effective mass B has fluctuating
values. The high values of the effective mass comprised
in the interval R = [1–6] fm are due mainly to variations
of the mass asymmetry parameter, while the peak around
R = 8 fm reflects the rapid variation of the necking. For
values larger than R = 10 fm, the effective mass stabi-
lizes to a value consistent with the reduced mass. The
momentum of inertia J has large values at the beginning
of the α-decay process, where the shapes of the system
possess reflection symmetry, and reaches the values that
correspond to a two-bodies system in the external region.
A similar behavior was observed in ref. [29].

Along the fission path, the ingredients required to solve
eqs. (7) are calculated within the Woods-Saxon two-center
shell model. The model provides the single-particle en-
ergies ǫΩ,m, and the associated wave functions. From
the single-particle level scheme it is possible to identify
the avoided levels crossing regions and their interactions
hΩ,m,m′ [30]. The system being axial symmetric, the good
quantum numbers of the embedded wave functions are the
projection of the intrinsic spin Ω on this axis of symme-
try. The matrix elements of the angular momenta are cal-
culated with the two-center shell model wave functions.
The collective energies are given by eqs. (10) and (11).
By using the cranking approach we are able to determine
the momentum of inertia J . Now, the coupled chan-
nel system (7) can be solved from the parent nucleus

Fig. 2: Single-particle energies ǫ as a function of the internu-
clear distance R for proton and neutron in panels (a) and (b),
respectively. The single-particle level of the α-cluster is marked
on the right.

initial configuration up to the formation of the alpha par-
ticle. The initial conditions are the BCS amplitudes of
the ground state of 211Bi, having the total spin I = 9/2,
for a unpaired nucleon located in the shell 2g9/2 with spin
projection Ω = 1/2.

The single-particle diagrams are represented in fig. 2.
Asymptotically, the single-particle energies of the daugh-
ter and the α-particle are determined by the solutions of
the appropriate Woods-Saxon potentials and are superim-
posed. In the initial state, R ≈ 0 fm, the unpaired proton
is located on the state 1h9/2. At scission, R ≈ 10 fm, the
unpaired proton should be retrieved on the state 3s1/2, to
reproduce the 207Tl daughter ground state. By analyzing
fig. 2, it can be noticed that a single-particle level with
the spin projection Ω = 1/2 emerges from the shell 1h9/2

of the parent, in order to be ejected in the alpha cluster.
This single-particle level is marked on the right with its
spectroscopic notation. The α-decay process can occur if
the unpaired proton emerging from the state Ω = 1/2,
1h9/2 is joined by another proton of the nucleus to form
a Cooper pair, and both escape outside. This mechanism
can be realized if another proton located on a different
single-particle level skips to the α-single-particle level dur-
ing the deformation of the parent nucleus. Such events can
be obtained as a result of the Landau-Zener promotion
mechanism produced in avoided levels crossing regions.
By investigating fig. 2, one expected that at the energy
ǫ ≈ −7 Mev and R ≈ 8 fm an avoided crossing level is
produced. Here, two-single particle levels characterized by
the same spin projection Ω = 1/2, emerging from orbitals
1h9/2 and 3s1/2 seem to display a pattern characteristic of
an avoided levels crossing region.

12001-p4



Fine structure of 211Bi α-decay from Coriolis coupling

Fig. 3: (a) Five single-particle levels with Ω = 1/2 are plotted.
The levels that emerge from 1h9/2 and 3s1/2 are plotted with
thick lines. (b) The energy difference Δǫ between the levels
plotted with thick lines. An arrow locates a fictitious avoided
levels crossing region. (c) The intrinsic angular momenta ob-
tained from the equality jΩ,m(jΩ,m + 1) = 〈Ω, m|j2|Ω, m〉 be-
longing to the thick-line levels of panel (a) are plotted with
full curves. These angular momenta are computed from the
center of mass of the whole nuclear system. The intrinsic an-
gular momentum corresponding to the level emerging from the
spherical shell I = 9

2
h̄ does not intersect with that of the level

emerging from the spherical shell I = 1

2
h̄. The dashed line

gives the intrinsic angular momentum of the level that emerges
from 1h9/2 calculated from the center of mass of the nascent
α-particle. The angular momentum reaches the value 1

2
h̄ if

it is calculated from the center of mass of the α cluster. (d)
The single-particle levels emerging from 2d3/2 and 1h11/2 are
plotted with thick-lines. (e) The difference between the values
of the thick-line single-particle levels plotted in panel (d). A
real avoided levels crossing region is identified with an arrow.
(f) The intrinsic angular momenta of the levels emerging from
I = 11

2
h̄ and I = 3

2
h̄ intersect in the avoided levels crossing

region marked with an arrow.

In a true avoided levels crossing region, the levels should
exchange their characteristics. For example in atomic
physics, a pure polar electron state can become homopo-
lar after the passage of an avoided crossing, as remarked
by Zener [11]. To be certain that one had to do with an
avoided levels crossing region, one had to check that some
features of the states change after the passage through
the avoided levels crossing region. In this respect, the en-
ergy variation and the intrinsic angular momenta of the
Ω = 1/2 levels emerging from 1h9/2 and 3s1/2 are com-
pared in fig. 3, panels (a), (b), and (c). But, in the region
of the expected avoided levels crossing, the intrinsic an-
gular momenta behave as independent. That means, in
this region, no avoided levels crossing is produced. Conse-
quently, the single-particle levels located above and below
the energy gap are not coupled by the Landau-Zener ef-
fect. Therefore, the fine-structure explanation should rely
on promotion mechanisms due mainly to the Coriolis cou-
pling. For a comparison purpose, the behavior produced
in a real avoided levels crossing region is displayed in fig. 3,
panels (d), (e) and (f).

The behavior of the angular-momentum matrix ele-
ments should be investigated. In fig. 4, one plots the
matrix elements h̄2〈Ω + 1, m′|j+|Ω, m〉/(2J) between the
states Ω = 1/2 emerging from 2f7/2, 1h9/2, 3s1/2, 2d3/2,

Fig. 4: (a) Single-particle levels with Ω = 1/2 emerging
from the spherical states 2f7/2, 1h9/2, 3s1/2, 2d3/2, 1h11/2 are
plotted with thin curves. These states are ordered for de-
scending energies. A level Ω = 3/2 emerging from 1h9/2 is
plotted with a thick line. The matrix elements MΩ+1,Ω,m′ ,m =
h̄2〈Ω + 1, m′|j+|Ω, m〉/(2J) with Ω + 1 = 3/2, m′ = 1h9/2 are
displayed in panels (b) for m = 2f7/2, (c) for m = 1h9/2, (d) for
m = 3s1/2, (e) for m = 2d3/2, and (f) for m = 1h11/2.

1h11/2 and the state Ω = 3/2 emerging from the state
1h9/2. The coupling between the states (Ω = 3/2, 1h9/2)
and (Ω = 1/2, 1h9/2) displayed in panel (c) is very
large for small internuclear distances R, because of the
huge values of the rotational parameter h̄2/(2J) for
spherical nuclei. That is, a strong Coriolis coupling is
produced between the single-particle levels of the same
shell. Large values of the interactions are also obtained
when the single-particle levels intersect. For example in
panel (b) this behavior is evidenced between the states
(Ω = 3/2, 1h9/2) and (Ω = 1/2, 2f7/2) at R = 2 fm and
10 fm. Successive Coriolis couplings between different
states can populate the α-single-particle level with a
pair. The probabilities to obtain different seniority-one
configurations can be calculated with our system of
microscopic equations of motion.

In order to solve the equations of motion, one selected
the single-particle levels with spin projection Ω = 1/2
emerging from 2f7/2, 1h9/2, 3s1/2, 2d3/2, 1h11/2, the lev-
els with spin Ω = 3/2 emerging from 2f7/2, 1h9/2, 2d3/2,
1h11/2, the levels with Ω = 5/2 and 7/2 emerging from
2f7/2, 1h9/2, 1h11/2, and the level with Ω = 9/2 emerging
from 1h11/2. In total 16 single-particle levels, each of them
corresponding to a seniority-one configuration. The real
avoided levels crossing regions were identified between ad-
jacent levels with the same spin projection Ω. The same
internuclear distance velocity v = Ṙ = 2 × 104 fm/fs was
used to solve the equations as in ref. [9].

It should be noted that the equations of motion used in
ref. [9] for the 211Po alpha decay differ from those used in
this work, In the case of 211Po, the equations were solved
for the neutron single-particle diagram. In this case, the
energy of the α-single-particle level is much lower than
the Fermi energy of the whole system. That is, the BCS
probability of occupation of the α-level is essentially unity.
In the present work, the α-single-particle level is located
in the Fermi region. That means, the BCS occupation
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Table 1: The initial (parent nucleus) and final (daughter nu-
cleus) orbitals of the single-particle levels selected in the region
of the Fermi energy, their spin projection Ω, the square of the
amplitudes of the seniority-one configuration in the final state
|cΩ,m|2, the penetrability of the external barrier P b

Ω,m, and the
excitation energies of the daughter nucleus ΔEΩ,m.

Initial Final state Ω |cΩ,m|2 P b
Ω,m ∆EΩ,m

state m (h̄) (Mev)

2f7/2 1h9/2 1/2 7.735 × 10−2 1.90 × 10−74 3.892
1h9/2 1s1/2 (α) 1/2 4.700 × 10−2

3s1/2 3s1/2 1/2 3.599 × 10−8 2.66 × 10−36 0
2d3/2 2d3/2 1/2 3.414 × 10−8 7.17 × 10−39 0.379
1h11/2 1h11/2 1/2 5.070 × 10−10 1.55 × 10−53 2.262
2f7/2 2f7/2 3/2 0.3951 2.45 × 10−92 4.833
1h9/2 1h9/2 3/2 3.787 × 10−3 2.49 × 10−74 3.892
2d3/2 2d3/2 3/2 1.647 × 10−6 7.85 × 10−39 0.379
1h11/2 1h11/2 3/2 3.253 × 10−5 2.02 × 10−53 2.262
2f7/2 2f7/2 5/2 0.3817 2.89 × 10−92 4.833
1h9/2 1h9/2 5/2 8.042 × 10−2 4.08 × 10−74 3.892
1h11/2 1h11/2 5/2 1.030 × 10−6 3.32 × 10−53 2.262
2f7/2 2f7/2 7/2 8.211 × 10−3 3.81 × 10−92 4.833
1h9/2 1h9/2 7/2 6.380 × 10−3 7.24 × 10−74 3.892
1h11/2 1h11/2 7/2 7.410 × 10−9 5.812 × 10−53 2.262
1h11/2 1h11/2 9/2 7.805 × 10−10 9.28 × 10−53 2.262

probability of the α-single-particle level should be about
1/2 during the deformation of the parent nucleus. By
introducing the condition of projection of the number of
particles, the BCS probability for the α-level reached a
number close to unity when the equations of motion are
solved for different seniority-one configurations. The val-
ues obtained for the BCS probability of occupation for the
α-single-particle level at scission range between 0.997 and
1. The initial condition is considered cΩ,m = 1 for Ω = 1/2
and m = 1h9/2, other values of the seniority-one wave
function amplitudes being considered 0. The initial occu-
pation/vacancy amplitudes for the single-particle levels of
each seniority-one configuration were obtained within the
BCS theory. The equations of motion are solved up an in-
ternuclear distance R = 10 fm, corresponding to scission.
The resulting probabilities of realization of the seniority-
one configurations |cΩ,m|2 are given in table 1. It can be
noticed that

∑

Ω,m |cΩ,m|2 = 1, that is, the condition of
conservation of the probability is fulfilled.

Once the scission point is reached, the alpha emission
proceeds by penetrating a potential barrier. The lowest
energy potential barrier corresponds to the seniority-one
configurations in which the 207Tl daughter nucleus is in the
ground state, that is for Ω = 1/2 and m = 3s1/2. For the
excited states (Ω, m) of the daughter, the barrier increases
with the specialization energy ΔEΩ,m = EΩ,m−E1/2,3s1/2

,
the collective energy EΩ,m being obtained with eq. (10).
These differences were calculated for the daughter nucleus
and are presented in table 1. After scission ΔEΩ,m behave
as constants. For a specific spherical orbital, the energies
EΩ,m are degenerated in the values of Ω. The collective ro-
tational term ER

I,Ω(R) (I = 9/2), given by eq. (11) should
also be added to the potential barrier, and the degenera-
tion disappears. The penetrabilities PΩ,mb are calculated

with the WKB formalism:

P b
Ω,m = exp

{

−
2

h̄

∫ RΩ,m

Ri

√

2B(R)Vt(R)dR

}

, (12)

where Vt(R) = V (R) + EΩ,m − E1/2,3s1/2
+ ER

I,Ω(R). The
integral is calculated from the ground state Ri = 1 fm up
to the scission point of each channel RΩ,m. The theoreti-
cal values of the barrier penetrabilities of each final state
are given in table 1. The yields YΩ,m of these channels
are proportional to their penetrabilities and their prob-
ability to be obtained, that is YΩ,m ∝ |cΩ,m|2P b

Ω,m. The
yield for transitions to the final state m is Ym =

∑

Ω YΩ,m.
The yields in percents, that correspond to transitions to
the final states of the 207Tl daughter, are obtained by
using the normalization N = Y2f7/2

+ Y1h9/2
+ Y3s1/2

+
Y2d3/2

+ Y1h11/2
. These normalized yields are 87.901%,

12.098%, 6.35×10−15%, 4.87×10−32%, and 1.92×10−49 %
to the states of the daughter nucleus 3s1/2, 2d3/2, 1h11/2,
1h9/2 and 2f7/2, respectively. The theoretical results agree
with the experimental findings of ref. [31]. Experimen-
tally, the fine structure is characterized by the intensities
83.77%, 16.23% and < 0.0019% [31] to the single-particle
states 1/2+, 3/2+ and 11/2− of the 207Tl daughter,
respectively.

Conclusion. – Most treatments of α-decay consider
that the α-particle is born on the surface of the nu-
cleus [32–34]. Amplitudes of preformation for 211Bi were
calculated in refs. [35,36]. But, for a long time it was
invoked that a similarity exists between the fission pen-
etrability of the inner barrier in α-decay and the prefor-
mation probability [37,38]. Phenomenological treatments
were performed and this fission barrier was never deter-
mined effectively with fission models. In fission models,
at least the modification of the nuclear structure with the
help of shell and pairing effects must be taken into account.
In the best achievements, the barrier in the overlap region
was calculated within the liquid drop model, and the struc-
ture effects were considered in a phenomenological way,
by adding empirically a correction that match the Q-value
asymptotically. In this way, the height of the external bar-
rier is fixed, as it happens in the phenomenological theory
of α-decay. In less sophisticated approaches, the inner bar-
rier is fitted with a simple function, or, only the influence
of the proximity potential at scission served to improve
the shape of the potential barrier. By including the zero-
point vibration energy on an empirical way, it was possible
to obtain a half-life systematic. These phenomenological
models cannot find the causes of the fine-structure phe-
nomenon, which are due to microscopic effects.

In a fission-like theory, as the present treatment, the
α-particle is born on the surface of the nucleus by modi-
fying the collective coordinates of the nuclear system, and
hence the mean-field potential of all nucleons. A simi-
lar concept is given by the dinuclear model, in which the
nucleons are transferred gradually from one nucleus to
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another [39,40] Such treatments of the α-decay were al-
ready performed in refs. [22,26,41,42], but only recently
the dynamics was investigated by taking into account
the angular coupling [9] in the superfluid model. In the
spontaneous fission theory, firstly we need to determine
a fragmentation path. This path determine the collec-
tive inertia, the deformation energy, together with the
rearrangement of the single-particle levels. The calcula-
tions of the spectroscopic factors rely on the solution of a
system of microscopic equations of motion that take into
account the dynamical effects due to the rearrangement
of the single-particle levels during the deformation of the
parent nucleus. A generalization of the time-dependent
pairing equations that includes the radial and the Coriolis
couplings was used to determine quantities that have the
same meaning as the spectroscopic factors. The 211Bi α-
decay fine structure was investigated microscopically and
good agreement with experimental findings was obtained.
It should be noted that our model suggests that the large
value of the yield to the ground state of the daughter is due
exclusively to the occurrence of the Coriolis coupling dur-
ing the deformation of the parent nucleus, corroborated
with a large corresponding penetrability. The population
of the proton states of the emitted particle is obtained
dynamically.

The approach is still limited by some drawbacks. The
ground-state configuration of the parent nucleus is con-
strained by five generalized coordinates while the ground
states of both fragments are left with only one deforma-
tion parameter, that is the eccentricity. That leads to a
weaker description of the ground states of the daughter
nuclei and of the α-particle during the penetration of the
external barrier. It is also questionable how the sorting
of the shell and pairing effects is produced at scission.
The issue concerning the pairing was investigated already
by using a density-dependent delta interaction model in
ref. [26]. Also, the model does not provide information
about the radial motion. Similar equations of motion
can be deduced for even-even systems. In this case, the
trial wave function (5) should be considered as a mixing
of seniority-zero and seniority-two states coupled by the
dynamical pair breaking effect, analogous to the Landau-
Zener mechanism [13]. Matrix elements of j± exist be-
tween the seniority-one and seniority-two wave functions.
Therefore, it is possible to follow a similar approach, but
with a more complicated trial wave function.
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